This paper proves that for N attractive delta function potentials the number of bound states (N ) satisfies
Introduction
The bound and scattering states generated by a sum of several delta potentials are of considerable interest both from application and a conceptual point of view. In partic-sis and results have some correlation with the recent work on dynamical creation of fractionalised vortices and vortex lattices [13] and soliton scattering length in an expulsive parabolic and complex potential [14, 15] and hence may have implications in future experiments. It is well known that, in one dimension (1D), a single attractive delta potential U(x)=−V 0 λδ( − ), V 0 > 0, has one and only one bound state irrespective of the strength of V 0 , where λ > 0 is a parameter of L dimensions. Similarly, in the three dimension (3D) case for U(r)=−V 0 λδ( − ), there may only be one bound state and the existence of a bound state with non zero energy is possible only when V 0 λ > 1. It is easy to prove that for the sum of N attractive delta potentials U(x) =− N 1 λV δ( − ), the number of bound states N satisfies the condition 1 ≤ N ≤ N. The reason for this is given in the following paragraph. It is well known that the ground state (let us say n=1 state) wave function in 1D has two nodes including the points = ∞ and = −∞. Similarly, for the next state (n=2) there are 3 nodes including the points = ∞ and = −∞. Thus, if N is the total number of bound states, the N state wave function will have N +1 nodes. Therefore U(x) defined above as a sum of delta function potentials will generate a bound state having a maximum of N+1 nodes. N-delta potentials (N > 1) have N-1 gaps between adjacent wells. For example, N=3 has two gaps ( 2 − 1 ) and ( 3 − 2 ). In any such gap between and + 1, the bound state wave function will have the form φ( ) = A exp(α ) + B exp(−α ) with eigen energy E proportional to −α 2 . Because of the functional behavior of exponentials, φ( ) can not have more than one zero (node) in this gap. Since the wave function behaves as exp(α ) as → −∞ and as exp(−α ) as → ∞, the two nodes at either extreme are at = ±∞. Since, the maximum possible number of nodes for a bound state wave function is (N-1)+2=N+1, for the 1D case 1 ≤ N ≤ N. A similar proof can be constructed using the bound state solution behavior of modified radial Schrödinger equation in 3D in the domain 0 ≤ ≤ ∞ [7] . This paper shows that in the 3D case 0 ≤ N ≤ N and no bound state is possible if | λV 0 |< 1. The condition | λV 0 |= 1 is the condition for the so called critical zero energy bound state in 3D. The objective of this work is to explore the algebraic equations for the evaluation of bound states generated by N attractive delta function potentials. Thus obtaining interesting conditions governing the generation of bound states at the threshold (E=0) in the case of equispaced attractive delta potentials of the same strength. Section 2 describes the method of obtaining algebraic equations for the evaluation of the bound state energies generated by N attractive delta potentials. Both the 1D and s-wave 3D cases are considered.In section 3, the conditions governing the generation of n ≤ N bound states both in 1D and 3D cases are obtained. The critical parameter in these calculation is = λV 0 . Specific values of g like g will generate only n bound states including a threshold energy bound state. g are the roots of a nth order polynomial equation with integer co-efficients. Furthermore for a reasonably large N, the variation of g with n has a behavior akin to that of Fermi function such that the maximum value of g is bounded by ≤ 4 and N = 2. This result holds both in 1D and 3D. Details of this are included in section 3. Section 4 provides summary and conclusions.
Algebraic equations governing the eigen values
The transmission of a particle in one dimension across a delta function potential,
is governed by the Schrödinger equation,
For convenience we use units such that¯ 2 = 2m = 1 so that the energies, potential strengths V have dimension L −2 . For illustration in Fig. 1 we show V(
, which is a sum of five equally spaced attractive delta potentials of same strength. Most of the analysis in this paper pertains to such potentials in 1D and 3D. The delta terms in Fig. 1 are simulated numerically using the approximation δ( ) = ( /π)/( 2 + 2 ) with = 0.01 nm. In the case of bound state eigen values E=E =−α 2 < 0, the wave function behaves as exp(−α | |), as | |→ ∞. Similarly in the s-wave 3D case we use the modified radial Schrödinger equation given by
with The boundary conditions satisfied by the bound state wave
At x = a of the delta function potential in 1D, the wave function φ( ) is continous and the derivative φ ( ) satisfies
Similar conditions apply for 3D case also. Focussing first on the 1D case one writes the formal expressions
guaranteeing the required behavior of φ( ) as | |→ ∞. Using these one gets a set of 2N homogenous linear algebraic equations satisfied by A 's and B 's:
where = 1 N. The condition for existence of non trivial solutions requires that the determinant formed by the co-efficients of A and B is equal to zero. It is this determinant equation which is simplified to obtain clear algebraic equations in α, solutions α of which provide the eigen values E . The same procedure is to be applied in s-wave 3D case [16] except the applied conditions are
and
The algebraic equations are lengthy but straight forward and hence we will summarize the results for N = 1, 2 and 3. Firstly, for the 1D case:
(12) In expressions (7) (8) (9) (10) (11) (12) ,
In addition to the procedure described here, one can also use an elegant method using the expression for the reflection amplitude obtained in [5] . This is valid for n delta potentials each expressed as
), j= 1, 2, . . . , n, with strength parameter = 2 ¯ 2
V . The separation between two adjacent delta potentials is = +1 − and indicates the mass of the incident particle. The reflection amplitude is expressed as
exp (2 ) 345
The bound states correspond to the poles of the reflection function along the imaginary axis in the complex k-plane. These can readily be obtained by explicitly constructing an expression for in the case of n = 1, 2, 3,. . . . In the 3D case the boundary condition used to obtain the reflection function has to be suitably changed, since s-wave 3D scattering can be considered as equivalent to reflection without transmission. Following this method one can also obtain the eigen value equations (7) (8) (9) (10) (11) (12) . In a way, the procedure based on the reflection function is more comprehensive since it automatically incorporates both bound state and scattering situation in a unified way.
Conditions governing onset of threshold energy states
From the results described in the previous section it is clear that in the general case of N delta function potentials(1) the exact number of bound states that will occur for a given set of potential parameters is difficult to estimate analytically. However, when there are N delta function potentials with same strength, λV , and equal separation in between two adjacent delta potentials, the results are very elegant. Also the conditions for the occurrence of bound states can be obtained. Therefore, in this section we deal with the special cases
In these cases it is possible to study the problem in terms of the dimensionless quantities = λV and = α . The most useful periodic potentials used in solid state physics use these units and hence such a study is important.
i) 1D case (a) From equation (7) (
Equation (14) implies that when N = 1, = 0 is the condition for the occurrence of threshold or zero energy bound state and if > 0, there is one bound state with non zero energy − 2 2 .
b) Now consider the N = 2 case which is also studied in [4] .
In order to determine the behaviour near the threshold (z = 0) we expand exp(−2 ) up to a power of 2 and get
This leads to (−2 + 2 ) = − (2− 2 )+ terms with higher powers of z (17) This implies that the threshold bound state or bound state very close to threshold can occur for values of g which satisfy −2 + 2 = 0 or
That is, when N = 2 one can expect a threshold bound state for = 0 and = 2. In fact when = 2 one of the bound states will have non zero energy. The other will have a threshold or zero energy bound state. Therefore when < 2 only one bound state is possible. Also when > 2 two bound states with non zero eigenvalues will occur. Graphically this is shown in Fig. 2 . Similarly, from (9) we get
This implies that the threshold bound state can occur for those values which satisfy
The roots for this equation are
This means, for < 1 there will be only one bound state, for 1 < < 3 there will be two bound states and when > 3 there will be three bound states and at = 0 or = 1 or = 3 one of the bound state will be the threshold or zero energy bound state. From the above it is clear that the polynomial equations (14, 18, 20) give roots which specify zero energy bound states for N = 1 2 3 respectively. In fact the highest roots for a given N will specify the value of = required to generate n bound states. Using the above procedure we can extend this analysis for N = 4 5 even though the algebraic manipulation required becomes more formidable as N increases. In Table 1 , we give the consolidated list of results for N = 1 2 7 equispaced delta function potentials in 1D. The last column contains the energy eigen values at different critical values of for a specified = 1. It should be noted that these eigen values will be different for other values of .
ii) 3D case Now the results for the N equispaced delta function potential in s-wave 3D case are considered. The procedure for obtaining the polynomial equations governing the critical values of g generating threshold bound states is same as described for 1D case. That is for = 1 or = 2 one can expect the threshold bound state. In fact, when = 2 one of the bound states will have non zero energy. The other will have a threshold or zero energy bound state (a) The results are summarized in Table 2 .
From Tables 1 and 2 , it is clear that the number of bound states that can occur for a given value of g can be estimated using the roots of the D 1N and D 3N polynomials. Now we explore some interesting properties of these polynomials. These results are summarized in Tables 3 and 4 . From Table 3 we observe the following: (i) Sum of co-efficients (see Table 3 
304, E 6 = 0 0, = 6 = 3 73205, a=1 7 7 − 12 6 + 55 5 − 120 4 + 1265 3 − Furthermore, note that the parameter β is given by
Equations and roots
which clearly depends on N. Assuming the validity of expression for or ( ), the following apply (a) No matter how large N is, if = 4 all the N bound states will be generated. This means it does not require arbitrarily large g to generate all bound states for any N.
(b) If = 2, the number of bound states will be close to N/2.
(c) If g is small, the number of bound states will also be small.
Thus, using ( ), g can be chosen to give the required number of bound states. This means, if the separation between adjacent wells is fixed in order to generate the desired number of bound states, the potential strength λV has to be controlled or vice versa.
Summary and conclusions
Now, we summarize briefly various results that are described in earlier sections. It was shown that both in 1D and 3D, N number of attractive delta function potentials can generate N number of bound states such that 0 ≤ N ≤ N. 0 = 1 in the 1D case and 0 = 0 in the 3D case. The algebraic equations derived for the calculation of eigenvalues in 1D and 3D cases show that when the separation between the delta terms becomes large, the eigenvalues get increasingly less correlated and N approaches N. On the other extreme when the relative separation vanishes the results approach that of single delta potential. The bound states are considered for N attractive potentials with equal strengths and same separation between adjacent wells, in 1D and 3D. For any N, the values of at which one of the bound states will have zero energy and when the total number of bound states including the zero energy state is n can be obtained. Carrying out explicit algebra, it has been demonstrated that are the roots of the N order polynomials D 1N and D 3N in 1D and 3D cases, respectively. These polynomials have integer coefficients. Examining further the values of vary in the range (0 4) and for large N the expectation valueof , is close to 2. Using the above properties of , can be approximated using the empirical formula = 4 1+exp((N 0 − )/β) It is to be noted that in many cases of physical interest one studies N number attractive delta potentials with same separation between adjacent wells. Therefore, this empirical formula is helpful in estimating the number of bound states in such cases both in 1D and 3D for a given value of .
